In this paper exact solutions of the photon equation are presented and the second order differential equation form of the Maxwell equations in some rotating universes is found to show the equivalence with the Photon equation which is obtained the same form for the same universes.
Introduction
The study of gravitational on quantum mechanical systems is a field of investigation recently explored by a number of authors. By using the principle of covariance and the tetrad formalism according to the Tetrode-Weyl-Fock-Ivanenko procedure [1, 2, 3, 4, 5, 6, 7, 8, 9] expanded to include spin transformation quantities, it was possible to make relativistic equations conform to general relativity. Although general relativistic wave equations may not be important atomic scale because of the weakness of gravitational effects, for many astrophysical situations one has to take into account gravitational effects due to its dominant role, for example particle creation by black holes. Additionally, it is not meaningful to construct a unified theory of gravitation and quantum theory if the single particle states are not studies carefully. In this context, the relativistic particles satisfying wave equations in cosmological backgrounds are considered for analyzing the quantum effects in curved space-times and some restrictions on exact solutions of equations are examined to obtain the behavior of the particle.
The Klein-Gordon equation and Dirac equation in covariant form have been used in curved space-times for such studies [10, 11, 12, 13, 14, 15] . The KleinGordon and Weyl equations in Som-Raychaudhuri, Hoenselaers-Vishveshwara and Rebouças universes have been studied by K. D. Krori et. al. [16] In this paper we consider the Photon (mDKP) equations in HoenselaersVishveshwara and Rebouças universes. Exact solutions of the Photon equation in both case are presented in this paper. The paper is organized as follows: In the next section we give the metrics which describe the rotating cosmological models and some kinematics in this models. In section III, we analyse the Photon equation and its exact solutions in these cosmological models. Then we calculate the frequency spectrum of photon and next section we show equivalence of Maxwell and Photon equations. Finally we discuss our results.
2 The Kinematics of the Rotating Cosmological Models
The Hoenselaers-Vishveshwara (HV) Metric
The line element for this metric is given by [16] 
where c = coshr After pioneering works of Gamow [17] and Gödel [18] the idea of global rotation of the universe has become considerably important physical aspect in the calculations of the general relativity. Now we introduce tetrad basis by
with the comoving tetrad formalism, the kinematics of this model can be expressed solely in terms of the structure coefficient of the tetrad basis. We define the structure coefficient by
By taking the exterior derivatives of the tetrad basis and using the kinematic formulas [19] four-acceleration vector:
vorticity tensor:
vorticity vector:
vorticity scalar:
We find the following quantities for the line element which is given by equation (1)
The model given in (1) has constant vorticity vector. Therefore the universe which is defined by equation (1) is rotating. We also note that this model has vanishing four acceleration and shear.
The Rebouças (R) Metric
The R line element is given by [16] 
The same quantities are calculated as in the previous case for the line element which is given by (5) and the following quantities is found:
From these results we see that both the HV and the R cosmological models have similar kinematics.
Exact Solution of the Photon Equation

The Photon Equation
The Photon equation is very important to discuss the wave-particle duality of electromagnetic fields since the particle nature of the electromagnetic field can be analyzed only by a quantum mechanical equation. Furthermore, the Photon equation removes the unavoidable usage of 3+1 space-time splitting formalism for the Maxwell equations.
In the 1950's Duffin, Kemmer and Petiau formulated the field equation (the DKP equation) of massive spin-1 particle [20, 21] which can be represented in the Dirac-like matrix form,
where β matrices satisfy the following relation
The covariant generalization of the DKP equation to curved manifolds has been done by Red'kov [22] and Lunardi et.al. [23] . The covariant form of DKP equation is given by (iβ
where
are the Kemmer matrices in curved space-time and they are related to flat
Minkowski space-time as
with a tetrad frame that satisfies
ν η (i)(j) . The covariant derivative in equation (9) is ∇ µ = ∂ µ − Ω µ with spinorial connections which can be written as
with the Christoffel symbols and spin tensor which can be written as
where Γ µν = Γ νµ and γ µ are the Dirac matrices in curved space-time and they're related to flat Minkowski space-time as
In 1997,Ünal [24] wrote the field equation of massless spin-one particle in flat space-time and also showed the equivalence of it to the free space Maxwell equations. Then the general relativistic Photon equation was solved for some cosmological models. [25, 26, 27, 28] The treatment of the Photon equation is straight forward. Since the photon has zero mass, the particle and anti-particle are identical and hence the mass eigenvalue becomes zero. This situation reduces the 16 × 16 matrix DKP equation to 4 × 4 matrix photon equation. The Photon equation is given as follow
). The covariant derivative ∇ µ with spinorial connections Ξ µ are given with the limit
The Exact Solution of thePhoton Equation for the HV Universe
For the line element given by (1), the tetrads are found,
and the curved Dirac matrices given by γ
The non-vanishing spinorial connections are obtained form equation (12) as follows:
(19) Using standard representation of the Dirac matrices, we obtain the photon equation as,
Let us choose Ψ in the form
Substituting (21) into (20) we have
From equations (23) and (24) we see that Ψ B = Ψ C expressly. Eliminating Ψ A and Ψ D from equations (22) and (25) we obtain the second order differential equation for Ψ C as
(26) If we make definitions as follows
where (26) is reduced to the Gauss hypergeometric differantial equation
Equation (28) has two linearly independent solutions,
where M and N are the normalization constants. The general solution, which satisfies the general boundary condition that f C decays as r → ∞ is,
The exact solution of the third component of the spinor can be written in terms of the Gauss hypergeometric functions as below:
The Exact Solution of the Photon Equation for the R Universe
For the line element given by (5), the tetrads are found,
and curved Dirac matrices,
Using again the standard representation of the Dirac matrices, the Photon equation becomes as below,
Equation ( If we make definitions as follows
where l = 
Equation (43) has two linearly independent solutions,
where G and H are the normalization constants.
4 The Frequency Spectrum of the Photon
The solutions (32) and (46) respectively. Hence a regular solution can be found the imposing condition:
where n is a positive integer or zero. Using equations (29), (44) and (47) we obtain the discrete frequency spectrum for the photon in the HV and the R universes respectively,
These spectra are discrete and it is easy to see from equations (48) and (49) that the spectrums contain the components in the direction k 2 .
One can show that solution (28) and (43) are oscillatory in behavior only in the regions (for details see [29] ),
These relations correspond to the 'central' region of the r coordinate. Oscillatory character of solution in the HV and the R space-times always remain in (t, z) directions.
Solutions of the Maxwell equations
As a quantum mechanical particle the photon obeys the mDKP equation. However, there must be a consistency with the corresponding solution of the Maxwell equations. Here we solve the Maxwell equations for the line element given in (1) and (5) to show the equivalence. The interaction of electromagnetic and gravitational fields is described by the Maxwell equations in a given curved background and source. In the absence of electromagnetic source these equations
and
The contravariant field strengths F µν and F µν for the HV universe in the general coordinates are;
where E (i) and B (i) are the components of the electric and magnetic fields in the local Lorentz frame. In terms of the components, these can be written as √ 2 2 (sinh r∂ r + cosh r) E
(1)
+ (cosh r − 1)∂ z B
−E
= 0 (55)
= 0
= 0 (57)
If we define a complex spinor G as
the spinor form of the Maxwell equations are found as
If the following form of the spinor is used to separate variables
the components U 1 and U 2 can be expressed in terms of U 3 as follows
Then from the set of above equations it is found that the second order differential
(64) This is the same as equation (26) and the solutions of it are the same as equation (28) . By comparing equations (22)- (25) and (63)- (62) one can obtain the relations between spinor components of the Photon equation and the Maxwell equations as follow
In terms of the electric and magnetic fields which are given as
the components of the spinor of the mDKP equation are found that
The contravariant field strengths F µν and F µν for the R universe in the general coordinates are;
In terms of the components, these can be written as (sinh 2r∂ r + 2 cosh 2r) E
− 2 cosh 2r∂ z B
= 0 (68)
= 0 (70)
= 0.
(71) the spinor form of the Maxwell equations are found as (sinh 2r∂ r + 2 cosh 2r)
i k 3 ∂ r + 1 sinh 2r 2w 2 cosh 2r + wk 2 χ 3 ,
Then from the set of above equations it is found that the second order differential equation for χ 
Result and Discussion
We have analysed the photon equation in the background of the HV and the R space-times. The method of separation of variables was used because of the simple symmetry of the HV and the R universes and energy spectrum of the particle and the oscillatory character of the solution were found. However, we show that both the HV and the R have similar physical properties, for example, as vorticity scalar, four acceleration, shear, frequency spectrum and oscillatory regions. Finally we have shown that chargless and massless spin-1 particle and free space Maxwell equations have the same energy relation and satisfy same equations.
